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Abstract
In this Letter we investigate an SU(3) extension of the axially symmetric B = 2 chiral quark soliton model. The classical
soliton is extended to the SU(3) by trivial embedding. We expand the quark determinant in terms of the collective angular
velocity up to the second order and the quark mass difference of the first order. The mass spectrum and the binding energy of
the baryon–baryon channels down to strangeness S =−6 are then obtained.
PACS: 12.39.Fe; 12.39.Ki; 24.85.+p; 21.90.+f
Keywords: Chiral soliton; Quark model; Strangeness; Dibaryon
1. Introduction
Since the first prediction of the H-particle in a MIT
bag model calculation [1], there have been many ef-
forts to study the spectrum of baryonic systems includ-
ing strangeness. Due to the difficulty of the QCD in the
low energy region, constructing its low energy effec-
tive model is required. Among these, two approaches
have received much attention: one is constituent quark
(QCD-inspired) potential model [2–4], and the other
is the topological soliton model [5–8]. The chiral soli-
ton approach is of special interest because it provides
a quite different point of view from the conventional
potential model picture. Also it has much advantages
because the model naturally contains the effect of the
vacuum polarization, i.e., the pion clouds around the
baryons. In this Letter we apply the chiral quark soli-
ton model (CQSM) [9,10] to study the various six
quark states constituting a dibaryon. The CQSM is
E-mail address: sawado@ph.noda.sut.ac.jp (N. Sawado).
a simple quark model which provides spontaneous
breaking of chiral symmetry. The model describes not
only the valence quarks but also the Dirac sea quarks
in a non-perturbative way. On the other hand, it recov-
ers the Skyrme model in the large limit of the con-
stituent quark mass [11].
2. The model
The CQSM is characterized by the following vac-
uum functional form:
Z =
∫
DπDψDψ† exp
[
i
∫
d4x ψ¯
(
i/∂ −MUγ5)ψ]
=
∫
DπeiSeff(U),
(1)Seff(U)=−iNc Sp ln iD,
with Uγ5(x) = eiγ5τ ·π(x)/fπ . The Dirac operator is
defined by iD = i/∂ −MUγ5 . In the Skyrme model
the minimal energy pion configuration for baryon-
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number-two (B = 2) has an axial symmetry [12,13],
in which the pion fields are twisted two-times around
the z axis. We adopt the following ansatz for the pion
fields with a winding number m:
(2)U0(x)= cosF + iτ · nˆ sinF,
where
(3)nˆ= (sinΘ cosmϕ, sinΘ sinmϕ, cosΘ).
The profile functions F(ρ, z), Θ(ρ, z) are determined
by minimizing the total energy of the soliton so-
lution. The calculation was performed by authors
in Refs. [13]. They obtained toroidal configurations
which were classically stable. In the CQSM, first we
consider the one particle spectrum of the Dirac Hamil-
tonian H(Uγ50 ). H(U
γ5
0 ) is obtained by rewriting the
Dirac operator as
iD = β(i∂t −H (Uγ50 )),
(4)H (Uγ50 )=−iα · ∇ + βMUγ50 ,
whereUγ50 = 1+γ52 U0+ 1−γ52 U†0 . From the eigenvalues
Eµ of the (4), the total energy of the soliton can be
estimated as
(5)Ecl =Eval[U0] +Evac[U0] −Evac[U0 = 1],
where
Eval =Nc
∑
i
Eival,
(6)Evac = Nc2
1√
4π
∑
µ
|Eµ|Γ
(
−1
2
,
(
Eµ
Λ
)2)
,
within the proper-time regularization scheme. Eval,
Evac are the valence quark and the vacuum sea contri-
bution to the total energy, respectively. Eival stand for
the ith valence quark levels in the m valence states.
We begin with the consideration of the quantum
numbers assigning to the single quark orbitals in our
soliton solutions. Same discussion was already pre-
sented in Ref. [14]. The pion fields (2) are less sym-
metric than the hedgehog ansatz of B = 1, and then
the Hamiltonian has no grand spin symmetry. H(Uγ50 )
commutes with the third-component of the grand spin
operator K3 = L3 + 12σ3 + 12mτ3. For m= 2, it also
commutes with the operator P = β · τ3, which works
as the parity operator. (For m= 1, the parity opera-
tor is given by a conventional form P = β .) L3, σ3
Fig. 1. Spectrum of the quark orbits are illustrated as a func-
tion of the “soliton size” X. Profile functions are given by
F(ρ, z) = −π + π(ρ2 + z2)1/2/X for X  (ρ2 + z2)1/2, and
Θ(ρ, z)= tan−1(ρ/z). The orbits are labeled by Kπ3 .
and τ3 are the third-component of the orbital angu-
lar momentum, the spin angular momentum, and the
isospin operator of the quark, respectively. Conse-
quently, the eigenstates of H(Uγ50 ) are specified by
the magnitude of K3 and the parity π = ±. As L3 is
integer and σ3 and τ3 are ±1, so the possible values
of K3 are ± 12 , ± 32 , ± 52 , . . . for m = 2. The Hamil-
tonian also commutes with the “time-reversal” oper-
ator T = iγ1γ3 · iτ1τ3C, where C is the charge con-
jugation operator. By virtue of this invariant, we find
that the states of +K3 and −K3 are degenerate in en-
ergy. According to the Kahana and Ripka [11], we in-
vestigate the spectrum of quark orbits as a function of
the “soliton size” X (see Fig. 1). Such investigation is
called the (spectral) flow analysis. We find that only
the K3 =± 12
+
states dive into the negative-energy re-
gion as X increases. Therefore, we conclude that the
lowest-lying axially symmetric B = 2 configuration
is obtained by putting three valence quarks each in
the first two positive energy states K3 =± 12
+
. In that
case, one immediately finds that six valence quarks are
all degenerate in energy. The degeneracy of the va-
lence spectrum is a distinct feature of choosing axial
symmetry as the symmetry of the pion fields.
The extremum conditions for the total energy Ecl
yield the following equations for the profile functions
(7)RT (ρ, z) cosΘ(ρ, z)=RL(ρ, z) sinΘ(ρ, z),
(8)S(ρ, z) sinF(ρ, z)= P(ρ, z) cosF(ρ, z),
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and
P(ρ, z)=RT (ρ, z) sinΘ(ρ, z)
(9)+RL(ρ, z) cosΘ(ρ, z).
The functionsRT , RL and S consist of the valence and
vacuum contributions and the explicit forms are
(10)RT =RTval +RT0 ,
RTval(ρ, z)
(11)= 〈val|iγ0γ5(τ1 cosmϕ + τ2 sinmϕ)|val〉,
RT0 (ρ, z)
(12)
=
∑
µ
Nµ sgn(Eµ)
× 〈µ|iγ0γ5(τ1 cosmϕ + τ2 sinmϕ)|µ〉,
(13)RL =RLval +RL0 ,
(14)RLval(ρ, z)= 〈val|iγ0γ5τ3|val〉,
(15)RL0 (ρ, z)=
∑
µ
Nµ sgn(Eµ)〈µ|iγ0γ5τ3|µ〉,
(16)S = Sval + S0,
(17)Sval(ρ, z)= 〈val|γ0|val〉,
(18)S0(ρ, z)=
∑
µ
Nµ sgn(Eµ)〈µ|γ0|µ〉,
where
(19)Nµ =− 1√
4π
Γ
(
1
2
,
(
Eµ
Λ
)2)
.
Here val means the valence quark states which are
designated by the flow analysis. (In the evaluation
of each matrix elements, only the ϕ-components
are integrated out.) From (7)–(19), the profile func-
tions F(ρ, z),Θ(ρ, z) can be uniquely determined.
The new profile functions induce a new eigenequa-
tion. These procedures are repeated until the self-
consistency is attained.
3. Collective quantization
For the extension of the three flavor soliton with
B = 2, we follow the usual collective coordinate ap-
proach for the hedgehog ansatz with B = 1 [15,16].
Within the collective coordinate approach, the exten-
sion to SU(3) is performed by trivial embedding [8]:
(20)U(x, t)=A(t)

U0(Λij (t)xj ) 0
0 1

A†(t),
where A(t) is the time-dependent SU(3) collective
rotation matrix and Λij (t) = 12 Tr(τ iBτjB†) is the
spatial rotation matrix. Substituting (20) into the quark
determinant and transforming the rotated frame of
reference, one obtains [17]:
iD = i/∂ −MUγ5(x, t)− mˆ
→A(t)S(t)†γ0
(
i∂t −H
(
U
γ5
0
)−HSB−ΩA+ΩB)
(21)× S(t)A(t)†,
where
(22)ΩA =−iA†A˙= 12 Ω
a
Aλa,
(23)ΩB =ΩaB
( 1
20abcγ
bγ c − i(r ×∇)a
)=ΩaBJa,
and
(24)HSB =A†(t)β3m 13
(
1 −√3λ8
)
A(t).
S(t) is the rotation operator for the Dirac fields. In the
rotating system, the quarks feel the induced Coliolis
forces ΩA,ΩB and HSB . ΩA,ΩB are the angular
velocity operators for the right flavor rotation and the
spatial rotation. (In order to estimate the effects of
the symmetry breaking of SU(3) explicitly, the quark
mass matrix mˆ = diag(mu,mu,ms) is added to the
determinant.) The HSB represents the contribution to
the Hamiltonian due to the SU(3) symmetry breaking.
3m=ms −mu denotes the difference of the strange-
and up-current quark masses.
We assume that the rotational velocities and the
mass difference are relatively small and the expansion
in powers of ΩA, ΩB and 3m is rapidly convergent.
Expanding the quark determinant and the (valence
quark) Green function in terms of the collective
angular velocity up to the second order and the quark
mass difference of the first order, one obtain the
effective Lagrangian:
L=−Ecl −
√
3
2
B[U0]Ω8A−
1
2
γ (1 −D88)
−KAabD8aΩbA −KBabD8aΩbB
(25)
+ 1
2
IAAab Ω
a
AΩ
b
A − IABab ΩaAΩbB +
1
2
IBBab Ω
a
BΩ
b
B,
whereEcl is the self-consistent classical soliton energy
and Dab(A) = 12 Tr(λaAλbA†) is a SU(3) Wigner
rotation matrix. The expansion yields various type of
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moments of inertia for vacuum contributions:
(26)
γ0 =−3m Nc3
∑
n
sgn(En) erfc
( |En|
Λ
)
〈n|γ0|n〉,
(27)
KAab,0 =3m
Nc
4
√
3
×
∑
m,n
F (Em,En,Λ)〈n|βλa |m〉〈m|λb|n〉,
(28)
KBab,0 =3m
Nc
2
√
3
×
∑
m,n
F (Em,En,Λ)〈n|βλa |m〉〈m|Jb|n〉,
(29)IAAab,0 =
Nc
8
∑
m,n
f (Em,En,Λ)〈n|λa |m〉〈m|λb|n〉,
(30)IABab,0 =
Nc
4
∑
m,n
f (Em,En,Λ)〈n|λa |m〉〈m|Jb|n〉,
(31)IBBab,0 =
Nc
2
∑
m,n
f (Em,En,Λ)〈n|Ja |m〉〈m|Jb|n〉.
Within the proper-time regularization, the cutoff func-
tion f (Em,En,Λ) is defined as
f (Em,En,Λ)
=− 2Λ√
π
e−E2m/Λ2 − e−E2n/Λ2
E2m −E2n
(32)
+ sgn(Em) erfc(|Em|/Λ)− sgn(En) erfc(|En|/Λ)
Em −En .
The moments of inertia KAab,K
B
ab are derived from
imaginary part of the effective action and need
no regularization, thus for the “cut-off” function
F(Em,En,Λ) we have
(33)F(Em,En,Λ→∞)= sgn(Em)− sgn(En)
Em −En .
The valence quark contributions for the moments of
inertia read
(34)γval =3m 2Nc3 〈val|γ0|val〉,
(35)KAab,val =3m
Nc√
3
∑
n=val
〈val|βλa|n〉〈n|λb|val〉
En −Eval ,
(36)KBab,val =3m
2Nc√
3
∑
n=val
〈val|βλa |n〉〈n|Jb|val〉
En −Eval ,
(37)IAAab,val =
Nc
2
∑
n=val
〈val|λa|n〉〈n|λb |val〉
En −Eval ,
(38)IABab,val =Nc
∑
n=val
〈val|λa |n〉〈n|Jb|val〉
En −Eval ,
(39)IBBab,val = 2Nc
∑
n=val
〈val|Ja |n〉〈n|Jb|val〉
En −Eval
and total moments of inertia acquire due to their sum,
e.g., IAAab = IAAab,val + IAAab,0. In the evaluations of the
moments of inertia, the numerical difficulties may
arise. Due to the difference of the boundary conditions
between the initial and the final states of the matrix
elements one may obtain the spurious non-zero values
of the moments of inertia in the absence of background
pion fields. Similar problem occurs in the 〈n|Ja |m〉
for all values of a and 〈n|λa |m〉 for a  4 with our
harmonic oscillator basis. To avoid the problem, we
employ the following replacement for 〈n|Ja |m〉 [17]:
〈n|Ja |m〉→ 〈n|
[
H
(
U
γ5
0
)
, Ja
]|m〉/(En −Em)
(40)= 〈n|[MUγ50 , la]|m〉/(En −Em),
where la = −i(r × ∇)a . In the absence of the pion
fields, the Hamiltonian has no spatial dependence and,
hence, the commutation relation equals to zero. For
the matrix element of λa , similar replacement induces
an additional spurious term proportional to the mass
difference. However, within our perturbative treatment
in the mass difference, this procedure is justified.
With the standard canonical quantization formulas
for the collective coordinates we obtain the following
quantization prescriptions
(41)Ra =


−∑j (IAAaj ΩjA − IABaj ΩjB −KAajD8j ),
a = 1,2,3,
−∑b(IAAab ΩbA −KAabD8b),
a = 4,5,6,7,√
3
2 B, a = 8,
and
Ki =−
∑
j
(
IBBij Ω
j
B − IBAij ΩjA +KBij D8j
)
,
(42)i = 1,2,3,
where Ra is the right isospin generator of SU(3), and
Ki means the generator corresponding to the spatial
rotation.
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Due to the symmetry of the soliton, only the
following elements of the moments of inertia survive:
IAA11 = IAA22 , IBB11 = IBB22 ,
IBB33 =m2IAA33 , IAB33 = IBA33 =−mIAA33 ,
IAA44 = IAA55 = IAA66 = IAA77 ,
KAA11 =KAA22 ,
KBB33 =−mKAA33 ,
(43)KAA44 =KAA55 =KAA66 =KAA77 .
Thus the Hamiltonian becomes
H =Ecl +H0 +H1,
(44)
H0 = 12
1
IAA44
7∑
a=1
R2a +
1
2
(
1
IAA11
− 1
IAA44
) 3∑
i=1
R2i
+ 1
2
1
IBB11
3∑
i=1
K2i
+ 1
2
(
1
IAA33
− 1
IAA11
− m
2
IBB11
)
R23 .
In the evaluation of the H , we adopt a simple pertur-
bative treatment with the mass difference3m [16]. Up
to first order of the 3m, the H1 is written as
H1 = 12 γ (1 −D88)−
KA11
IAA11
(D81R1 +D82R2)
(45)− K
A
33
IAA33
D83R3 − K
A
44
IAA44
7∑
k=4
D8kRk.
The diagonalization of (44) is done by following
collective wave functions of the non-perturbative part
of the Hamiltonian H0
Ψ
(n)
Y II3,Y ′NN3,J J3(A,B)
=√dim(n) (−1) Y ′2 +N3D(n)∗YII3,Y ′NN3(A)
(46)×DJ ∗J3,−mN3(B).
From these bases, the estimation of the matrix el-
ement reduces to the integral of the three Wigner
matrices, and which are easily evaluated from the
SU(3) Clebsch–Gordan coefficients [16,18]. The ac-
tual computations of the Clebsch–Gordan coefficients
can be performed by using the numerical algorithm of
Ref. [19].
4. Numerical results
Our numerical calculations were performed for the
constituent mass M = 400 MeV. Within the proper-
time regularization scheme, the cutoff parameters are
determined so as to reproduce the various mesonic
data, such as pion decay constant fπ = 93 MeV, pion
mass mπ = 138 MeV and kaon mass mK = 496 MeV
Table 1
The various moments of inertia defined in (26), with ms = 149 MeV
Valence Vacuum Total
IAA11 [GeV−1] 7.49 4.05 11.54
IBB11 [GeV−1] 11.19 5.46 16.65
IAA33 [GeV−1] 4.36 1.61 5.97
IAA44 [GeV−1] 1.64 1.26 2.90
KA11 0.285 1.38 × 10−4 0.285
KA33 0.297 1.60 × 10−3 0.298
KA44 0.255 −1.05 × 10−3 0.254
γ [MeV] 292.0 1098.8 1390.8
Table 2
Absolute mass of the dibaryon (in MeV), with ms = 149 MeV
Multiplet (S I J ) Mass Multiplet (S I J ) Mass
10 (0 0 1) 3255 35 (0 2 1) 3610
(−1 12 1) 3467 (−1 52 1) 3965
(−2 1 1) 3679 (−1 32 1) 3727
(−3 32 1) 3891 (−2 2 1) 4034
(−2 1 1) 3844
27 (0 1 0) 3309 (−3 32 1) 4103
(−1 32 0) 3573 (−3 12 1) 3960
(−1 12 0) 3453 (−4 1 1) 4172
(−2 2 0) 3841 (−4 0 1) 4077
(−2 1 0) 3678 (−5 12 1) 4241
(−2 0 0) 3597
(−3 32 0) 3904 28 (0 3 0) 3969
(−3 12 0) 3781 (−1 52 0) 4054
(−4 1 0) 3966 (−2 2 0) 4139
(−3 32 0) 4224
(−4 1 0) 4309
(−5 12 0) 4393
(−6 0 0) 4478
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Fig. 2. The dibaryon spectrum.
(see Ref. [20]). From the values of these mesonic
parameters we obtained the value of strange quark
mass ms = 149 MeV. For a diagonalization prob-
lem of the Dirac Hamiltonian (4), we use the de-
formed harmonic oscillator basis [21] which is de-
scribed in Appendix A. The self-consistent classical
mass was obtained Ecl = 2406 MeV. The values of
various moments of inertia are listed in Table 1. The
quantized states are coupled to the multiplets {10},
{27}, {35}, {28} ((p, q) = (0,3), (2,2), (4,1), (6,0),
respectively). In Table 2, we show all the mass of the
dibaryon states for the multiplets.
In the whole soliton approach, the absolute mass
always tends to be high values. It is mainly due to
the lack of Casimir effects—the loop corrections of
the order of N0c . In our calculations, probably the total
energies are enhanced nearly 1 GeV than expected.
These one loop effects bring a net subtractions, then
the differences of the values are meaningful. In Fig. 2,
we display the energy levels of the dibaryon states
belonging to each multiplets.
5. Concluding remarks
In this Letter, we investigated the spectrum of var-
ious six-quark systems using the chiral quark soliton
model. For SU(3) extension, we adopt the collective
quantization scheme for the pion fields. In order to es-
timate the effects of the quark mass difference, we per-
formed the naive perturbative method in the mass dif-
ference. We obtained the dibaryonic spectrum coupled
to the multiplets of {10}, {27}, {35}, {28}.
In a pioneering work of the SU(3) collective quan-
tization of the chiral soliton [22], it is pointed out that
the constraint YR = 2 in the quantization, which arises
from the trivial embedding, some states in the con-
stituent quark model are not allowed in the soliton so-
lution. As a result, the state of our interest is not the
lowest state in the S = −2 sector. The configuration
of H -dibaryon may have not be an axially symmet-
ric. On the other hand, (I, J ) = (0,0) channel in the
S =−6 sector, corresponding to di-Omega ΩΩ may
have the rather deeper bound. According to the data
of the B = 1 hedgehog analysis (in Ref. [16]), we ex-
pect the binding energy about ∼ 200 MeV. This state
is rather promising as the candidate of the axially sym-
metric dibaryon.
For the perturbative treatment of (25) and (44) we
retained only linear terms for the mass difference
3m and we used the ground state, SU(3) symmetric
wave functions (46). In the hedgehog B = 1 case,
such leading order approximation induces discrepancy
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with experiment [16] and it can be diminished if
one consider appropriate incorporation of higher-
order effects for the 3m [23]. In our estimation of
moments of inertia, in order to remove the spurious
contributions, we employ ad hoc approximation for
the matrix elements and it is justified only if we
confine our calculations up to first order. We expect
to extend our scheme to the second order of 3m.
In our analysis, many of dibaryonic states seem to
be deep bound states. Study of the Casimir effect is,
however, necessary to determine which states are sta-
ble. For the B = 1 hedgehog case, the Casimir ener-
gies of the rotational and the translational zero modes
were estimated by various authors. Their predictions
for the total mass are about, (−0.5 ∼−1.3) GeV [24].
For the B = 2 torus, the Casimir energies have not
been estimated yet. The thorough analysis of the
Casimir effects is desired in order to examine the sta-
bility.
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Appendix A
The diagonalization problem was done by using the
deformed harmonic oscillator basis. The basis spinors
were firstly proposed in the relativistic mean field
theory for the deformed nuclei [21], and we apply
them to our eigenproblem. The eigenfunctions of the
Hamiltonian (4) can be expanded as follows:
(A.1)φν(x)=

 fν(x)
igν(x)

=

 ∑a fνaΦa(r, s, τ )
i
∑
a˜ gνa˜Φa˜(r, s, τ )


with
Φa(r, s, τ )
= φΩ,nr (ρ)φnz (z)
1√
2
eiΩϕχms (s)χmt (τ ),
φΩ,nr (ρ)=N |Ω|nr
(√
αρ ρ
)|Ω|
e−
1
2αρρ
2
L|Ω|nr
(
αρρ
2),
(A.2)φnz(z)=Nze−
1
2αzz
2
Hnz
(√
αz z
)
,
and
(A.3)Ω =K3 −ms −m×mτ ,
where ms and mτ are the eigenvalues of the third-
component of the spin and the isospin. The constants
αρ and αz are the oscillator length parameters and
are optimally chosen so as to minimize the soliton
energy. In the present calculation, we fix αρ = 7.51,
αz = 3.83; also the selections of the number of shells
for the expansion of the Dirac spinors is made as
12×12. The functionsL|Ω|nr andHnz are the associated
Laguerre polynomials and the Hermite polynomials
with the normalization constants
N |Ω|nr =
√
2αρnr !
(nr + |Ω |)! ,
(A.4)Nnz =
1√
2nznz!
√
π
αz
.
The parity is given by π = (−)Ω+nz and then two
independent series are constructed. One is the natural
basis (Kπ3 = 12
+
, 32
−
, 52
+
, . . .), in which the quantum
numbers (nr , nz,Ω) of the upper components of the
basis spinors are
a = (nr , nz: odd,K3 − 1/2−m/2);
(nr , nz: even,K3 + 1/2−m/2);
(nr , nz: even,K3 − 1/2+m/2);
(A.5)(nr , nz: odd,K3 + 1/2+m/2).
Anogher set of spinors are called unnatural basis
(Kπ3 = 12
−
, 32
+
, 52
−
, . . .), in which
a = (nr , nz: even,K3 − 1/2−m/2);
(nr , nz: odd,K3 + 1/2−m/2);
(nr , nz: odd,K3 − 1/2+m/2);
(A.6)(nr , nz: even,K3 + 1/2+m/2).
The parity of lower components of spinors has oppo-
site sign.
By using (A.1), eigenproblem of (4) reduces to a
real symmetric matrix diagonalization problem.
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